Abstract: This study proposes a new method to quantitatively represent the uncertainty existing in open pit optimization results due to variations in mineral prices. After generating multiple mineral prices using Monte Carlo simulation with data on past mineral prices, a probability model that represents the uncertainty was developed by integrating multiple open pit optimization results derived from the mineral prices. The results of applying the proposed method to the copper-zinc deposits showed that significant uncertainty exists in open pit optimization results due to the variation in copper prices. It was also found that the method has a potential as a tool for classifying the estimation results of ore reserve based on confidence level.
Open pit optimization algorithms determine the scope of deposit development required to ensure profitability while meeting the requirements for mine development. In the determination, the Block Economic Value (BEV) calculated in a block unit is usually used as input data for the algorithm. BEV represents the revenue estimated by dividing the 3D ore body model created based on geological data into blocks, and then considering sales revenue and production cost for each block. The problem is that BEV determined as a single value contains significant uncertainty due to the variations in mineral prices, production costs, and exchange rates. Consequently, the products of the open pit optimization algorithms that use BEV as input data also inevitably contain uncertainty.
A number of methods to consider this uncertainty have been developed to date. Godoy [30] developed a method to quantify the geological uncertainty in long-term production scheduling of open pit mines, and Menebde et al. [31] treated the uncertainty in BEV using conditional simulation methods. Gabriel et al. [32] developed a model to evaluate rates of return of mining projects by considering uncertainties such as mineral prices, production costs, and tax. Golamnejad et al. [33] considered the uncertainty in BEV using probability models. Dimitrakopoulos and Sabour [34] proposed the Real Option Valuation (ROV) technique to evaluate mining projects by considering uncertainty of economic variables. Ramazan and Dimitrakopoulos [35] provided a new integer programming formulation for stochastic optimization of long-term production scheduling by considering the uncertainty of geological variables. Boland et al. [36] suggested a multistage stochastic programming approach to open pit mine production scheduling with uncertain geology. Akbari et al. [37] performed open pit optimization considering uncertainty of mineral prices, and Albor and Dimitrakopoulos [38] developed a method to simultaneously consider the uncertainties of multiple variables in push back design of open pit mines.
Sabour and Dimitrakopoulos [39] developed the technique to generate multiple open pit optimization results considering uncertainty of economic and geological variables, and then prioritizing the results. Evatt et al. [40] provided a method to estimate ore reserves under mineral price uncertainty, Lamghari and Dimitrakopoulos [41] considered the uncertainty of metal contents in mine production scheduling problems by a diversified Tabu search approach. Asad and Dimitrakopoulos [42] developed a parametric maximum flow algorithm for optimal open pit mine design under uncertain market conditions. Furthermore, Alonso-Ayuso et al. [43] provided a method to optimize the copper extraction planning considering the uncertainty in future copper prices, and Kizilkale and Dimitrakopoulos [44] presented a distributed and dynamic programming framework to the mining production rate target tracking of multiple metal mines under financial uncertainty. However, no study has been conducted to quantitatively represent the uncertainty itself inevitably present in open pit optimization results using probability models or other methods.
Thus, the objective of this study is to present a method to quantitatively represent the uncertainty included in open pit optimization results due to variation in mineral prices. In this study, multiple mineral prices are generated using Monte Carlo simulation based on past mineral prices data, and open pit optimization is conducted iteratively using the generated prices. The study aims to generate a probability model to quantitatively represent the uncertainty due to variation in mineral prices by integrating multiple open pit optimization results generated by iterative calculation. This paper describes the method to represent the uncertainty in open pit optimization results due to variation in mineral prices, and presents the results of applying the method to copper-zinc deposits.
Methods
The method developed in this study to represent uncertainty in open pit optimization results due to variation in mineral prices consists of four steps (see Figure 1 ). 
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Survey of Past Mineral Prices and Generation of Cumulative Relative Frequency Curves
To investigate the variations in mineral prices, data on mineral price of the past over a long period are collected, and statistics such as maximum values, minimum values, and the means of the collected data are obtained using statistical analysis. Using the results of statistical analysis, the class width required for creating cumulative relative frequency curves of mineral prices can be calculated (see Equation (1)). In general, the number of classes is set as between 10 and 20,
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Once the class width is determined, the frequency of data included in each class is obtained by examining the collected data on mineral prices, and the relative frequency of each class is calculated by dividing the data frequency of each class by the total number of data (see Equation (2) ). Cumulative relative frequency can be calculated using the relative frequency of each class (see Equation (3)).
Here, F r i denotes the relative frequency of i-th class, f i denotes the data frequency of i-th class, N denotes the total number of data, and F c n denotes the cumulative relative frequency of n-th class. In addition, the cumulative relative frequency curve can be generated by plotting the mineral prices on the x-axis and cumulative relative frequencies on the y-axis.
Mineral Price Generation and Revenue Factor Calculation Using Monte Carlo Simulation
When using a cumulative relative frequency curve of past mineral prices generated in the previous step, n mineral prices can be generated based on Monte Carlo simulation as follows:
The function of cumulative relative frequency curve F(x) gives the probability P that the mineral price X will be less than or equal to x. Because F(x) obviously ranges from zero to one, we can look at this equation in the reverse direction to find the value of x for a given value of F(x) as follows:
Here, G pF pxqq is the inverse function, r is a random real number between zero and one. In this study, n mineral prices are generated by generating n random real numbers between zero and one, and then assuming each generated real number as the y value of the cumulative relative frequency curve, and finding x values corresponding to the y values.
Next, using the generated n mineral prices, n revenue factors (RF) are calculated (see Equation (6)). The revenue factor represents the ratio of the uncertain future mineral price (SP) to the current mineral price (CP). Because RF can indicate the increase or decrease of mineral price, the change in optimal open pit boundary as a result of mineral price can be analyzed using RF [45] ,
Block Economic Value (BEV) Calculation and Open Pit Optimal Boundary Analysis
In the proposed model, n BEVs are calculated for all blocks using the RF values calculated in the previous step (see Equations (7)- (9)):
BEV pwasteq " T wˆM C
BEV " BEV poreq´BEV pwasteq
Here, T o denotes the mass of ore block (tonne), g denotes the grade of ore, r denotes recovery of ore, RF denotes revenue factor, P denotes the price of mineral ($/tonne), SC denotes selling cost ($/tonne), PC denotes processing cost ($/tonne), MC denotes mining cost ($/tonne), and T w denotes the mass of waste block (tonne).
Once n BEV values for all blocks have been calculated, open pit optimal boundary can be determined by inputting the values in optimization algorithms such as the Lerchs-Grossmann algorithm, Korobov algorithm and floating cone algorithm. This study used the floating cone algorithm proposed by Berlanga et al. [6] . For each block with a positive BEV value, the floating cone algorithm involves constructing a cone with sides oriented parallel to the pit slope angles, and then determining the value of the cone by summing the values of blocks enclosed within it. If the value of the cone is positive, all blocks within the cone are mined. This process starts from the uppermost level and moves downward searching for positive blocks. The process continues until no positive cones remain in the block model [46] . An advantage of the floating cone algorithm is its speed of calculation [47] . Therefore, it is useful when optimal boundary analysis needs to be performed many times, as in this study. Other open pit optimization algorithms can be used in this step, however the comparison of results from different optimization algorithms is beyond the scope of this study. Interested readers should refer to texts such as Hustralid et al. [48] .
As n BEVs are calculated, the pit boundary optimization process is also conducted n times, and as a result, n optimization results are generated.
Formation of Probability Model Using Overlay Analysis
In the final step, a probability model is developed by overlaying n open pit optimization results into one ( Figure 2 ). To that end, the results of open pit optimal boundary analysis are examined; 1.0 is assigned if a block exists within the optimal boundary, and 0.0 is assigned otherwise. This binarization is performed on n results of optimal boundary analysis. After completing binarization, a probability model is formed by averaging the values assigned to all blocks (see Equation (10)).
Here, Z denotes the probability that a block exists within the open pit optimal boundary (0.0-1.0), and denotes the binarized value assigned to the result of i-th open pit optimal boundary analysis. Z should be calculated for all blocks. Here, Z denotes the probability that a block exists within the open pit optimal boundary (0.0-1.0), and z i denotes the binarized value assigned to the result of i-th open pit optimal boundary analysis. Z should be calculated for all blocks.
Study Area and Data
The uncertainty representation method of open pit optimization results due to variation in mineral prices developed in this study was applied to copper-zinc deposits located in the OO region. The ore body was widely distributed in a plate form ( Figure 3 ). This region has the sea-level altitude of about 150 m, relatively flat terrain, and adequate infrastructure for mine development as there is a mining city in the vicinity. 
The uncertainty representation method of open pit optimization results due to variation in mineral prices developed in this study was applied to copper-zinc deposits located in the OO region. The ore body was widely distributed in a plate form ( Figure 3 ). This region has the sea-level altitude of about 150 m, relatively flat terrain, and adequate infrastructure for mine development as there is a mining city in the vicinity.
The block model of ore body used in this study is 25 m × 25 m × 5 m blocks. The number of blocks is 92 on the axis x (easting), 106 on the axis y (northing), and 74 on the axis z (elevation). Each block is classified into ore or waste and includes information on mass. In addition, ore blocks have grades of copper and zinc assigned to them. The mean grade is about 0.84% for copper, and about 0.21% for zinc. 
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Results of Cumulative Relative Frequency Curves of Copper and Zinc
To examine the variation in metal prices, the data on copper and zinc prices for about 10 years (January 2005-April 2015) published by the London Metal Exchange (LME) were collected and analyzed ( Figure 4) . The results showed that the mean copper price for the past 10 years is 6796 $/tonne, the maximum price was 10,148 $/tonne, and the minimum price was 2770 $/tonne. In the case of zinc, the mean price for the past 10 years was 2109 $/tonne, the maximum price was 4620 $/tonne, and the minimum price was 1042 $/tonne. To plot a cumulative relative frequency curve, the number of classes for copper prices was set at 13, and class width was set at 600 $/tonne based on Equation (1). In the same manner, the number of classes for zinc prices was set at 12, and class width was set at 300 $/tonne. The results of calculating frequency of each class, relative frequency, and cumulative relative frequency using the copper and zinc prices for the past 10 years are shown in Table 1 (copper) and Table 2 (zinc). Figure 5 shows the cumulative relative frequency curves of copper and zinc prices for the past 10 years. To plot a cumulative relative frequency curve, the number of classes for copper prices was set at 13, and class width was set at 600 $/tonne based on Equation (1). In the same manner, the number of classes for zinc prices was set at 12, and class width was set at 300 $/tonne. The results of calculating frequency of each class, relative frequency, and cumulative relative frequency using the copper and zinc prices for the past 10 years are shown in Table 1 (copper) and Table 2 (zinc). Figure 5 shows the cumulative relative frequency curves of copper and zinc prices for the past 10 years. 
Revenue Factor of Copper and Zinc Price Calculation Results Using Monte Carlo Simulation
Using the cumulative relative frequency curves of copper and zinc prices shown in Figure 5 , 100 copper prices and 100 zinc prices were generated using Monte Carlo simulation (Figure 6 ). In the 100 copper prices generated by Monte Carlo simulation, the mean was 6591.13 $/tonne, the 
Using the cumulative relative frequency curves of copper and zinc prices shown in Figure 5 , 100 copper prices and 100 zinc prices were generated using Monte Carlo simulation ( Figure 6 ). In the 100 copper prices generated by Monte Carlo simulation, the mean was 6591.13 $/tonne, the maximum was 9486.18 $/tonne, and the minimum was 3342.66 $/tonne. In addition, in the 100 zinc prices generated, the mean was 1985.00 $/tonne, the maximum was 3571.96 $/tonne, and the minimum was 924.44 $/tonne. 
BEV Calculation and Open Pit Optimal Boundary Analysis Results
The BEV for the block model of the study area shown in Figure 3 was calculated using Equation (11) , instead of Equation (7), because the study area has copper-zinc mixed deposits,
Here, denotes the mass of ore block (tonne), denotes the grade of copper ore (grade), denotes the grade of zinc (grade), rcu denotes recovery of copper ore (recovery), rzn denotes recovery of copper ore (recovery), λcu denotes RF of copper, λzn denotes RF of zinc (RF), denotes the price of copper mineral ($/tonne), denotes the price of zinc mineral ($/tonne), SC denotes selling costs of ore ($/tonne), PC denotes of processing costs of ore ($/tonne), and MC denotes mining costs of ore ($/tonne). The factor values assumed in this study to calculate BEV are presented in Table 3 . As 100 copper RFs and 100 zinc RFs were estimated, the BEV calculation of the block model of the study area was also conducted 100 times. The previously calculated block model's BEVs were entered into the floating cone algorithm for analyzing optimal pit boundaries, and it was assumed that the angle of the slope was 45° and that cutoff grade was 0.007%, incorporating copper prices. As 100 BEVs of block model were estimated By entering the generated copper prices and zinc prices in Equation (6), RF was estimated. For the reference price for the minerals, the monthly average copper price of 6027.96 $/tonne and monthly average zinc price of 2206.90 $/tonne, published by LME for April 2015 when this study was conducted, were used. As the numbers of previously generated copper prices and zinc prices were 100 each, 100 RF values were also estimated for each. Figure 7 shows the estimated RFs of copper and zinc represented in the histogram. 
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The BEV for the block model of the study area shown in Figure 3 was calculated using Equation (11) , instead of Equation (7), because the study area has copper-zinc mixed deposits, BEV poreq " T oˆr g cu¨rcu¨p λ cu¨Pcu´S Cq`g zn¨rzn¨p λ zn¨Pzn´S Cq´PC´MCs .
Here, T o denotes the mass of ore block (tonne), g cu denotes the grade of copper ore (grade), g zn denotes the grade of zinc (grade), r cu denotes recovery of copper ore (recovery), r zn denotes recovery of copper ore (recovery), λ cu denotes RF of copper, λ zn denotes RF of zinc (RF), P cu denotes the price of copper mineral ($/tonne), P zn denotes the price of zinc mineral ($/tonne), SC denotes selling costs of ore ($/tonne), PC denotes of processing costs of ore ($/tonne), and MC denotes mining costs of ore ($/tonne). The factor values assumed in this study to calculate BEV are presented in Table 3 . As 100 copper RFs and 100 zinc RFs were estimated, the BEV calculation of the block model of the study area was also conducted 100 times. The previously calculated block model's BEVs were entered into the floating cone algorithm for analyzing optimal pit boundaries, and it was assumed that the angle of the slope was 45˝and that cutoff grade was 0.007%, incorporating copper prices. As 100 BEVs of block model were estimated for each, the boundary optimization with the floating cone algorithm was also conducted 100 times. 
Results of Probability Model Formation
A probability model was formed by overlaying 100 open pit optimization results of the study area into one according to the method described in Section 2.4. Figure 9 shows the plan view of the probability model. The optimal open pit boundaries estimated when the RFs of copper and zinc were 1.0 (i.e., when the mineral prices of April 2015) are shown by the black solid lines. Each block has a value between 0.0 and 1.0, and the value indicates the probability that the block is included in the optimal boundary of open pit. 
A probability model was formed by overlaying 100 open pit optimization results of the study area into one according to the method described in Section 2.4. Figure 9 shows the plan view of the probability model. The optimal open pit boundaries estimated when the RFs of copper and zinc were 1.0 (i.e., when the mineral prices of April 2015) are shown by the black solid lines. Each block has a value between 0.0 and 1.0, and the value indicates the probability that the block is included in the optimal boundary of open pit.
area into one according to the method described in Section 2.4. Figure 9 The probability model showed that significant uncertainty exists in open pit optimization results considering the variation in copper and zinc prices in the past 10 years. It was found that when copper and zinc prices decrease from current reference prices, the probability that the open pit boundary for RF of 1.0, which is shown by the solid black line (Figure 9 ), satisfies the optimal boundary is about 70% or higher for Pit 1 and about 80% or higher for Pit 2. It is believed that when resetting the optimal open pit boundary based on only the blocks with probability higher than the aforementioned probabilities (e.g., 90% or higher), the size of the open pit will be smaller than that for RF of 1.0.
On the other hand, if copper and zinc prices increase from the current reference prices, it is possible that the optimal open pit boundary further expands from the solid black line, and Figure 9 shows the probabilities that the blocks are located within the open pit boundary. East of the study area, there is a possibility that an additional open pit can be formed if mineral prices increase; however, the probability is not high, at 20%. Figure 10 is a visual representation of the blocks that will be distributed within the open pit optimal boundary despite the variation in copper and zinc prices, using the probability model formation results. The results of graphic representation of the blocks to be distributed within the optimal boundary by applying three confidence levels (90% or higher, 80% or higher, and 70% or higher) showed that setting confidence level higher resulted in a smaller size of open pit, and setting confidence level lower resulted in a larger size of open pit.
Deposit Reserve Estimation as a Function of Confidence Level
optimal boundary despite the variation in copper and zinc prices, using the probability model formation results. The results of graphic representation of the blocks to be distributed within the optimal boundary by applying three confidence levels (90% or higher, 80% or higher, and 70% or higher) showed that setting confidence level higher resulted in a smaller size of open pit, and setting confidence level lower resulted in a larger size of open pit. After extracting the blocks to be distributed within the optimal boundary of the study area by applying various confidence levels, the ore reserve was estimated based on the extracted blocks, and the results are shown in Figure 11 . It was found that when confidence level was set at 90% or higher, ore reserve was about 76,000 tonnes, the grade of copper was 1.53%, and the grade of zinc was 0.15%. On the other hand, when confidence level was set at 50%, ore reserve was about 2,550,000 tonnes, the grade of copper was 1.33%, and the grade of zinc was 0.15%. These indicate that when setting confidence level higher when extracting blocks within optimal boundary in the probability model, ore reserve estimates decrease. The mean grade of the blocks within optimal boundary varied somewhat depending on the confidence level of the probability model but did not show any particular pattern. After extracting the blocks to be distributed within the optimal boundary of the study area by applying various confidence levels, the ore reserve was estimated based on the extracted blocks, and the results are shown in Figure 11 . It was found that when confidence level was set at 90% or higher, ore reserve was about 76,000 tonnes, the grade of copper was 1.53%, and the grade of zinc was 0.15%. On the other hand, when confidence level was set at 50%, ore reserve was about 2,550,000 tonnes, the grade of copper was 1.33%, and the grade of zinc was 0.15%. These indicate that when setting confidence level higher when extracting blocks within optimal boundary in the probability model, ore reserve estimates decrease. The mean grade of the blocks within optimal boundary varied somewhat depending on the confidence level of the probability model but did not show any particular pattern. Figure 12 is the plan view of the probability model formed by separating when considering variation in copper prices without considering variation in zinc prices, and when considering variation in zinc prices without considering variation in copper prices. The results of the probability model formations show that when considering variation in copper prices only, significant uncertainty exists in open pit optimization results, whereas when considering variation in zinc prices only, uncertainty is small in boundary optimization results. These results of probability model formations by separating the case of considering only the variation in copper prices and the case of considering only the variation in zinc prices suggest that, in the case of copper-zinc mixed deposits in the study area, variation in copper prices has greater impact on uncertainty of open pit optimization results than variation in zinc prices does. Figure 12 is the plan view of the probability model formed by separating when considering variation in copper prices without considering variation in zinc prices, and when considering variation in zinc prices without considering variation in copper prices. The results of the probability model formations show that when considering variation in copper prices only, significant uncertainty exists in open pit optimization results, whereas when considering variation in zinc prices only, uncertainty is small in boundary optimization results. These results of probability model formations by separating the case of considering only the variation in copper prices and the case of considering only the variation in zinc prices suggest that, in the case of copper-zinc mixed deposits in the study area, variation in copper prices has greater impact on uncertainty of open pit optimization results than variation in zinc prices does.
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Conclusions
This study presented a method to quantitatively represent the uncertainty in open pit optimization results due to variation in mineral prices using a probability model. The results of applying the proposed method to the copper-zinc mixed deposits showed that significant uncertainty exists in open pit optimization results considering the variation in copper and zinc prices for the past 10 years. In addition, the study was able to quantify the probability that each block that represents deposits is included within the open pit optimal boundary when copper and zinc prices increase or decrease from the current reference prices. Using these probabilities, reserves of 
This study presented a method to quantitatively represent the uncertainty in open pit optimization results due to variation in mineral prices using a probability model. The results of applying the proposed method to the copper-zinc mixed deposits showed that significant uncertainty exists in open pit optimization results considering the variation in copper and zinc prices for the past 10 years. In addition, the study was able to quantify the probability that each block that represents deposits is included within the open pit optimal boundary when copper and zinc prices increase or decrease from the current reference prices. Using these probabilities, reserves of the deposits were estimated as a function of confidence level. When confidence level is set at 90% or higher, reserve was estimated to be about 76,000 tonnes, and when confidence level was set at 50% or higher, reserve was estimated to be about 2,550,000 tonnes. This suggests that the proposed method also has a potential for use in ore reserve estimation. The results of probability model formation by separating the cases of variation in copper prices only and in zinc prices only showed that the uncertainty in the results of open pit optimization in the study area was more influenced by the variation in copper prices than by that in zinc prices.
In this study, the uncertainty in open pit optimization results was represented by a probability model considering only the variations in mineral prices. However, the proposed method is expected to be applicable in a similar fashion, when variations in geological variables as well as other economic variables such as production costs, exchange rates, and taxes are considered. In future work, it would be interesting to develop an extended method to simultaneously consider the uncertainties of multiple variables because it can change the results of uncertainty representation for open pit optimization.
The proposed method is applicable to a wide range of deposits for a general purpose, and may be used in combination with various open pit optimization algorithms. Therefore, it is expected to be a valuable tool to assist sound long-term development planning of open pit mines.
